The zeta function of H*
counting ideals

1 Presentation

H* has presentation

[z1,y1] = 21, [x2,Y2] = 22, >

x1,T2,T3,T 21, 22,23, 2
< 1,%2, X3, L4, Y1, Y2, Y3, Y4, 21, 22, 23, Z4 23, ys] = 23, [24,ya] = 24

H* has nilpotency class 2.

2 The local zeta function

The local zeta function was first calculated by Luke Woodward. It is

CI<{]4,p(5) = (p(8)Gp(s — 1)Gp(s = 2)Gp(s = 3)Cp(s — 4)Gp(s — 5)Gp(s — 6)
X (s = T)Gp(3s — 8)*¢p(5s — 9)¢p(Ts — 10)p(8s — 18)
X (p(9s — 11)(,(10s — 20)¢,(11s — 27)W (p,p~°)
where W(X,Y) is
1-6X%Y° +5X7Y° +4X°Y" —8X°Y" 4+ 3X 10T +4X'0y® —8X'Ty*®
+ 3X18Y8 _ X8Y9 + 3ng9 _ 3Xloy9 _ Xlﬁylo 4 5xl7yl0 _ 6X18Y10
+ XlelO o X24Y11 + 3X25Y11 o 3X26Y11 + 8X17Y12 o 10X18Y12
+ 3X19Y12 + 8X25Y13 _ 10x26y13 + 3x27yl3 _ 5X17Y14 + 15X18Y14
_ 9X19Y14 _ 19X25Y15 4 43X26Y15 _ 24X27yl5 4 2X28Y15 _ 3X18Y16
4 5X19Y16 _ X20Y16 _ 5X33Y16 4 15x34y16 _ gx35yl6 4 8X25Y17
_ 30X26Y17 + 32X27yl7 _ 7X28Y17 _ X29Y17 + 8X33Y18 _ 30X34Y18
+ 32X35Y18 o 7X36y18 o XS'TylS + 3X26Y19 o 9X27Y19 + 7X28Y19
_ 3X42Y19 + 5X43Y19 _ X44Y19 _ 3X33Y20 4 8X34Y20 _ 17X35Y20
+ 15X36Y20 o 3X37Y20 o 3X27Y21 + X28Y21 + X29y21 + 3X42Y21
_ 9X43Y21 4 7X44Y21 4 4X34Y22 _ 12)(35}/22 _ 2X36Y22 4 13X37Y22
_ 5X38Y22 + 4X42Y23 _ 12X43Y23 _ 2X44y23 + 13X45Y23 _ 5X46Y23
4 9X35Y24 o 10X36Y24 o 10X37Y24 =+ 9X38Y24 o 3x5ly24 4 X52Y24
+ X3y _3X2y?5 4 18X 1Y — 16X MY — 16 XY 418X 46y
o 3X47Y25 4 X36Y26 4 X37Y26 o 3X38Y26 4 9X51Y26 o 10X52Y26
_ 10X53Y26 4 9X54Y26 _ 5x43y27 T 13X44Y27 _ 2X45Y27 _ 12x4ﬁy27



L AXATY?2T _ 5 xSly 28 | 13X 52y 28 _ 9 B3y28 19 x4y 28 4 455y 28
17XV | gxA6y29 | g xATy29 | y60y20 | x61y20  5x62y-20

_ 3X52y30 4 5 53y30 _ 7 x54y30 | gx 55y 30 _ 3 x56y/30 _ ydsy3l
1 5XA6Y31 _ g xdTy31 | 7y 6ly3l g y62y31 | gy63y31 _ y52y32

_ 7X3Y32 | 3054y 32 _ 30X 55y 32 4 g0y 32 _ x60y33 _ g y6ly33

1 32X62y33 _ 3003y 33 | gx64y33 _ gx By 34 4 5y 55y34 _ 556y 34
_ X09yB4 4 5xTOyB4 3 TlyB4 4 ox6ly 35 _ o) x62y35 | 43 y63y35
—19X04y35 _ g xTOY36 | 5 xTIY36 _ 5xT2y36 | 36237 _ 1063y 37
1 8X04Y3T 1 g xTOY38 _ 10X 7Ly 38 4 g X T2y 38 _ 363y 39 4 3x64y39

_ X05y39 4 xTOy40 _ gxTly40 | 5y T2y40 _ 73340 _ gy oyl

1 gxB0YAl _ xBlydl | gy Tlyd2 | gy Tayd2 |y T3yA2 | g 7Oy 43
_8XB0Y43 | 4 xBly43 | 580y 45 _ g x8ly s 4 x89y50,

(574 (s) is uniform.

3 Functional equation
The local zeta function satisfies the functional equation

C§4’p(8) psp1 — p66—20(~;<—f14’p(8).

4 Abscissa of convergence and order of pole

The abscissa of convergence of (7. (s) is 8, with a simple pole at s = 8.

5 Ghost zeta function

The ghost zeta function is the product over all primes of

Cp(8)Cp(s = 1)¢p(s = 2)Cp(s = 3)Gp(s — 4)(p(s = 5)Cp(s — 6)Cp(s — T)(p(3s — 8)4
X (p(5s — 9)(p(Ts — 10)(p(8s — 18)(,(9s — 11)(p(10s — 20)(,(11s — 27)
x Wi(p, p™*)Wa(p,p™*)Ws(p, p~*)Walp,p™*)Ws(p,p™")

where
Wi(X,Y)=1-3X%y",
Wa(X,Y) = -3 — X1BY8,
W3(X,Y) = -1+ XV® - 3X18y10 — 3Xx27y'15
Wi(X,Y) = -3 - X177,
W5(X,Y) = -1+ X3Y?



The ghost is unfriendly.

6 Natural boundary

(5j4(s) has a natural boundary at $(s) = 26/11, and is of type I.



